THIRD ORDER ODES AND FOUR-DIMENSIONAL SPLIT 
SIGNATURE EINSTEIN METRICS 
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Abstract. We construct a family of split signature Einstein metrics in four 
dimensions, corresponding to particular classes of third order ODEs considered 
modulo fiber preserving transformations of variables. 



1. Introduction 
Our starting point is a 3rd order ordinary differential equation (ODE) 

(1) y"' = F(x,y,y',y"), 

for a real function y — y{x). Here F = F(x,y,p,q) is a sufficiently smooth real 
function of four real variables (x,y,p = y',q = y"). 
Given another 3rd order ODE 

(2) y"' = F(x,y,y',y") 

it is often convenient to know whether there exists a suitable transformation of 
variables (x,y,p,q) — > (x,y,p,q) which brings J3J to |QJ. Several types of such 
transformations are of particular importance. Here we consider fiber preserving 
(f.p.) transformations, which are of the form 

(3) x = x{x), y = y(x,y). 

We say that two 3rd order ODEs, Q and @, are (locally) f.p. equivalent iff 
there exists a (local) f.p. transformation which brings (0) to The task of 
finding neccessary and sufficient conditions for ODEs and to be (locally) f.p. 
equivalent, is called a f.p. equivalence problem for 3rd order ODEs. In the cases 
of (more general) point transformations and contact transformations, this problem 
was studied and solved by E. Cartan pQ and S-S. Chern [2J in the years 1939- 
1941. The interest in these studies has been recently revived due to the fact that 
important equivalence classes of 3rd order ODEs naturally define 3-dimensional 
conformal Lorentzian structures including Einstein- Weyl structures. This makes 
these equivalence problems aplicable not only to differential geometry but also to 
the theory of integrable systems and General Relativity pH ED [H] ■ 

In this paper we show how to construct 4-dimcnsional split signature Einstein 
metrics, starting from particular ODEs of 3rd order. We formulate the problem 
of f.p. equivalence in terms of differential forms. Invoking Cartan's equivalence 
method, we construct a 6-d manifold with a distinguished coframe on it, which 
encodes all information about original equivalence problem. For specific types of 
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the ODEs, the class of Einstein metrics can be explicitly constructed from this 
coframe. This result is a byproduct of the full solution of the f.p. equivalence 
problem, that will be described in [5]. 

We acknowledge that all our calculations were checked by the independent use 
of the two symbolic calculations programs: Maple and Mathematica. 

2. Third order ODE and Cartan's method 
Following Cartan and Chern, we rewrite QJ, using 1-forms 

uj 1 — dy — pdx, 

uj 2 = dp — qdx, 

(4) , 

uj = dq- F(x,y,p,q)dx, 

uj 4 



• 4 = da;. 



These are defined on the second jet space J 2 locally parametrized by {x, y, p, q). 
Each solution y = f(x) of QJ is fully described by the two conditions: forms to 1 , 
uj 2 , uj 3 vanish on a curve (t, f(t),f'(t),f"(t)) and, as this defines a solution up 
to transformations of x, uj 4 = dt on this curve. Suppose now, that equation ifljl 
undergoes fiber preserving transformations Pjl. Then the forms Q transform by 



uj 1 — > uj 1 = aui , 



uj 2 -» uj 2 = (3{u) 2 + juj 1 ), 
^ uj 3 —> uj 3 — e(u! 3 + rjuj 2 + xuj 1 ), 

4 -4 \ 4 
UJ — > UJ = Xuj , 

where functions a, (3, 7, e, 77, x, A are defined on J 2 , satisfy a(3e\ ^ and are 
determined by a particular choice of transformation © ■ A fiber preserving equiv- 
alence class of ODEs is described by forms (@J defined up to transformations J5j. 
Equations JQ) and J5J are f.p. equivalent, iff their corresponding forms {uj 1 ) and 
[Q 3 ) are related as above. 

We now apply Cartan's equivalence method Its key idea is to enlarge the 

space J 2 to a new manifold "P, on which functions a, (3, 7, e, 77, x, A are additional 
coordinates. The coframe (ui l ) defined up to transformations |JSJ, is now replaced 
by a set of four well defined 1-forms 

6 1 = auj 1 , 

6 2 = [3(uj 2 +JUJ 1 ), 

9 3 = e(uj 3 + riuj 2 + xuj 1 ), 

9 4 = Xuj 4 

on V. If, in addition, the following f.p. invariant condition 

F qq ^0 

is satisfied then, there is a geometrically distinguished way of choosing five pa- 
rameters j3, e, 77, x, A to be functions of (x, y,p, g, a, 7). Then, on a 6-dimensional 
manifold V parametrized by (x,y,p,q,a,"f) Cartan's method give a way of sup- 
plementing the well defined four 1-forms (9 Z ) with two other l-fbrms Q 1 , fi 2 so 
that the set (0 1 , 9 2 , 6 3 , 9 4 , Q , tt 2 ) constitutes a rigid coframe on V. According to 
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the theory of G-structures 0E3], ah information about a f.p. equivalence class 
of equation 0) satisfying F qq ^ is encoded in the coframe (8 1 ,8 2 ft 3 : 9 4 ^l 1 £l 2 ) . 
Two equations and @ are f.p. equivalent, iff there exists a diffeomorphism 
V> :V ->P, such that ip*^ = 0\ 4>*tt A = VL A , where i = 1,2,3,4 and A = 1,2. 
The procedure of constructing manifold and the coframe (0 l ,il A ) is explained 
in details in E3 for a general case and in E] for this specific problem. Here 
we omit the details of this procedure, summarizing the results on f.p. equivalence 
problem in the following theorem. 

Theorem 2.1. A 3rd order ODE y'" = F(x,y,y' ,y"), satisfying F qq 0, con- 
sidered modulo fiber preserving transformations of variables, uniquely defines a 6- 
dimensional manifold V , and an invariant coframe (6 1 ,6 2 ,6 3 ,9 i ,Cl ,Q 2 ) on it. In 
local coordinates (x,y,p = y',q = y",a,j) this coframe is given by 

e 2 ^\F qq {u 2 + 1 u J 1 ), 

8 3 = ^F qq {u 3 + ( 7 - \)F q u 2 + (I 7 2 + K)u% 

ni _ 6a , A 

v - , 

O 1 — — (— F 4- (-F F + -F 2 4-2F W 
" — F qq V r qqql v 3 999 9 ' 3 99 qqp ) 1 

(6) +F qq K q + 2F qqq K - 2F qqy p 1 - %da 

^ 2 = -^(h 2 + |^7+^ 4 

+ 6a(~ l^qqql + (3-^999^9 + Fqqp)l + ^qqqK — F qqy )iO 
"^6a ( _ 2^9997 3 + (e^qq + 3^999^9 + Fqqp)j 2 + {FqqKq ~ F qqy + F qqq K)^ 

~ 3-FqqFqy — F qq K p — jF qq F q K q + -^F qq K)Lo l + -^Fggd-f, 
where K denotes 

K = \{F qx + P F qy + qF qp + FF qq ) - \F 2 - \F V 
and ui l , i = 1, 2, 3, 4 are defined by the ODE via 
Exterior derivatives of the above invariant forms read 

dfl 1 ^n 1 Ae 1 + e A a9 2 , 

de 2 = n 2 A 8 1 + a8 3 A e 2 + b8 4 A e 2 + 8 4 A 8 3 , 

dd 3 = n 2 a e 2 - n 1 a e 3 + (2 - 2c) e 3 a e 2 + e8 4 a e 1 + 2bo 4 a e 3 , 

(7) d6 4 = n 1 A 6» 4 + f6 4 Ad 1 + (c - 2) 6> 4 A 9 2 + a 9 4 A (9 3 , 

dfi 1 = (2c - 2) il 2 A 1 - ft 2 A6> 4 + .g6» 1 A 6> 2 + A 6> 3 + kd 1 A 6> 4 - /6> 2 A 6> 4 , 
dSl 2 = S7 2 A fi 1 -aQ 2 Ad 3 - bQ 2 A8 4 + 10 1 Ad 2 + m9 1 A9 3 + H0 1 A6 4 
+r 9 2 A 8 3 + s (9 2 A 8 4 - f 9 3 A 6» 4 , 

where a, 6, c, e, /, g, /i, fc, I, to, rt, r, s are functions on V, which can be simply calcu- 
lated due to formulae ©. The simplest and the most symmetric case, when all the 
functions a, 6, c, e, /, g,h,k,l,m,n,r, s vanish, corresponds to the f.p. equivalence 
class of equation 

/// = 3/! 
y 2 y' 

In this case, the manifold V is (locally) the Lie group SO(2, 2) and the coframe 
8 2 , 8 3 , 9 4 , fi 1 , f2 2 ) is a basis of left invariant forms, which can be collected to 
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the so(2, 2)-valued flat Cartan connection on V = 5*0(2,2). Since the Levi-Civita 
connection for the split signature metrics in four dimensions also takes value in 
so(2,2), we ask under which conditions on f.p. equivalence classes of ODEs QJ, 
the equations J7J may be interpreted as the structure equations for the Levi-Civita 
connection of a certain 4-dimensional split signature metric G. 

3. The construction of the metrics 
It is convenient to change the basis of 1-forms 9 1 , 9 2 , 9 3 , 9 4 , fi 1 , fi 2 on V to 

(8) r 1 =29 1 +e 4 , r 2 =n 2 , t 3 = Q 2 + 29 3 , t 4 = 9 4 , 

r 1 = n 1 , r 2 = n 1 + 29 2 . 

After this change, equations Q yield the formulae for the exterior differentials of 
r 1 , t 2 , t 3 , r 4 , Ti, r 2 . These are the formulae Ij23(l of the appendix. They can be 
used to analyze the properties of the following bilinear tensor field 

(9) G = GyrV = 2rV 2 + 2r 3 r 4 

on V . The first question we ask here is the following: under which conditions on 
a, 6, c, e, /, g, h, k, I, m, n, r, s the first four of equations (|23ll may be identified with 

dr 1 + r^. A t ] = 0, 

where the 1-forms T l j, i,j = 1,2,3,4 satisfy 

= 0, and r# = GikT k j. 

This happens if and only if 

(10) c = 0, 1 = 0, r = 0, s = 0. 

Now, we call 1-forms Ti, T 2 as vertical and 1-forms t ,t ,t ,t as horizontal. To 
be able to interprete 

^ = dr i j + r i fe Ar* 

as a curvature, we have to require that it is horizontal, i.e contains no Ti, T 2 terms. 
This is equivalent to 

(11) m = 0, a = 0, 3 = 0, f = -b. 

If these conditions are satisfied then the exterior derivatives of (12. '{t give also 

(12) 6 = 0, h = 0. 

Concluding, having conditions l)l()[l. (|ll|l and p2|l satisfied, we have the following 
differentials of the coframe (0\ 6» 2 , 6» 3 6» 4 , Ti, T 2 ): 

dr 1 =ri At 1 , 

dT 2 =-r 1 AT 2 + inr 1 Ar 4 , 

dr 3 = - T 2 A t 3 + (|n - e) r 1 A r 4 , 

(13) dr 4 =r 2 Ar 4 , 

dTi =r 4 At 2 + ifcr 1 At 4 , 
dr 2 =|fer 1 A r 4 -r 3 At 4 , 
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and the following formulae for the matrix of 1-forms 

/ -Ti 

I\ -\riT X + (e 



F = 

j 



1,„W4 



inr 1 - (e - in)r 4 T 2 ' 2 



n)T 



V o oo -r 2 y 

Moreover, introducing the frame of the vector fields (Xi, X 2 , Xs, X4, Y\, Y2) dual 
to the coframe r 1 , . . . , r 4 , Ti, T 2 we get the following non- vanishing 2-forms K 1 ^: 

i? 1 1 =-T 1 Ar 2 -ifcr 1 Ar 4 , 
R\ =t 4 At 2 + ifcr 1 At 4 , 

i? 2 4 =5fcr 4 A t 2 + (|n 4 + e x - ^n^r 1 At 4 - \kr z A t 4 , 
i? 3 x = - ifcr 1 At 2 - (|n 4 + ei - \n x )T X A t 4 + ±/ct 3 A t 4 , 
R\ =\kr x At 4 -t 3 At 4 , 

i?4 4 = _ l fcr l AT 4 + T 3 Ar 4_ 

Here denotes X,i(j). It further follows that iiicy = i2 fe ifc . satisfies 

(14) fficy = -Gij. 

These preparatory steps enable us to associate with each f.p. equivalence class 
of ODEs satisfying conditions l|10|l - H12l) a 4-manifold A4 equipped with a split 
signature Einstein metric G. This is done as follows. 

• The system (| 1 3f> guarantees that the distribution V spanned by the vector 
fields Yi,Y 2 is integrable. The leaf space of this foliation is 4-dimensional 
and may be identified with Ai. We also have the projection it : V — > A4. 

• The tensor field G is degenerate, G(Yi, •) = 0, G(Y 2 , •) = 0, along the leaves 
of V. Moreover, equations (|13() imply that 

L Yl G — 0, L Y2 G = 0. 

Thus, G projects to a well defined split signature metric G on X. 

• The Levi-Civita connection 1-form for G and the curvature 2-form, pull- 
backed via 7r* to V, identify with T l j and Wj respectively 

• Thus, due to equations Q14[l. the metric G satisfies the Einstein field equa- 
tions with cosmological constant A = — 1. 

Below we find all functions F — F(x,y,p,q) which solve conditions (|10l) - (|12|l . 
This will enable us to write down the explicit formulae for the Einstein metrics G 
associated with the corresponding equations y'" — F(x,y,y' ,?/')• 

The conditions b — 0, c = in coordinates x, y,p, q, a, 7 read 

F 4- -F -4- S K — fl F 'v — F — - F F 4-If 2 -fl 
r qp ' 3 Qi ' oly q — u j r qqq 1 r qqp 3 r qqq r q < 6 qq ~ 

The most general funtion F(x,y,p,q) defining 3rd order ODEs satisfying these 
constraints is 



q 2 a x (x,y) +pa y (x,y) 

F = §— — -, r +3 ■ — - — y - q + £,(x,y,p), 

A p + a{x,y) p + <r(x,y) 



where a, {; are arbitrary functions of two and three varaibles, respectively. Since 
the equations are considered modulo fiber preserving transformations, we can put 
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tj = by transformation x — x and y = y(x,y) such that y x = —cr(x,y(x,y)). 
Condition I = now becomes 

P 3 £ppp ~ 3p 2 C PP + 6p£ p - 6£ = 0, 

with the following general solution 

£ - A(x, y)p 3 + C(x, y)p 2 + B(x, y)p. 

Hence F is given by 

a 2 

(15) F = |2- + A(x, y)p 3 + C(x, y)p 2 + B(x, y)p. 

It further follows that it fulfills the remaining conditions a = f = g = h = m = r = 
s = and that 

_G_ _ C y -zC- 2A X 1 tJJ + 2By-Cx 

[b) ia^p U ~ 8a 3 p e ~2 n+ 16aV ' 

A straigthfowrward application of Thcor cm l2 . 1 1 leads to the following expressions 
for the 'null coframe' (r 1 , r 2 , r 3 , r 4 ): 

r 1 = 2a dy 

t 2 = (4a)- 1 [ C dx + {2A - z 2 ) dy + 2dz } 

t 3 = (iap)- 1 [ -(t + 2B) dx - C dy + 2dt } 

r 4 = 2ap dx, 

where the new coordinates z and t are 

z = l t= q - +1 . 
p p 

This brings 

G = 2(r 1 r 2 + r 3 r 4 ) 

on V to the form that depends only on coordinates (x, y, z, t). Thus, G projects to 
a well defined split signature metric 

G = -[t 2 + 2B{x, y)]dx 2 + 2dtdx + [2A(x, y) - z 2 ]dy 2 + 2dzdy 

on a 4-manifold M. parmetrized by (x, y, z, t). 

It follows from the construction that metric G is f.p. invariant. However, it 
does not yield all the f.p. information about the corresponding ODE. It is clear, 
since the function C which is proportional to the f. p. Cartan's invariant k of 
dl3f) . is not appearing in the metric G. From the point of view of the metric, 
function C represents a 'null rotation' of coframe (V). Thus it is not a geometric 
quantity. Therefore G, although f.p. invariant, can not distinguish between various 
f.p. nonequivalent classes of equations such as, for example, those with C = 
and C / 0. To fully distinguish all non-equivalent ODEs with l(T3|) one needs 
additional structure than the metric G. This structure is only fully described by 
the bundle 7r : V — > M. together with the coframe (r 1 , r 2 , r 3 , r 4 , T%, I^) of on 
V . An alternative description, more in the spirit of the split signature metric G, is 
presented in section 5. 

Now, equations (|14|l imply that the metric G is Einstein with cosmological con- 
satnt A = — 1. The anti-selfdual part of its Weyl tensor is always of Petrov-Penrose 
type D. The selfdual Weyl tensor is of type II, if the functions A and B are generic. 
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If A = A{y) and B = B{x) the selfdual Weyl tensor degenerates to a tensor of type 
D. Summing up we have following theorem. 

Theorem 3.1. Third order ODE 

1/2 

y >» = l V — + A(x, y)y' 3 + C(x, y)y' 2 + B(x, y)y' 

y 

defines, by virtue of Cartan's equivalence method, a ^-dimensional split signature 
metric 

G = -[t 2 + 2B(x, y)]dx 2 + 2dtdx + [2A(x, y) - z 2 ]dy 2 + 2dzdy 
which is Einstein 

Ric(G) = -G 

and has Weyl tensor W = W ASD + W SD of Petrov type D+II, with the exception of 
the case A = A{y), B = B{x), when it is of type D+D. The metric G is invariant 
with respect to f.p. transformations of the variables of the ODE. 

4. Uniqueness of the metrics 

In this section we prove the following theorem. 

Theorem 4.1. The metrics of theorem are the unique family of metrics G, 
which are defined by f.p. equivalence classes of 3rd order ODEs and satisfy the 
following three conditions. 

• The metrics are split signature, Einstein: Ric(G) = — G, and each of them 
is defined on J^-d manifold M., which is the base of the fibration 7r : V — > M.. 

• The family contains a metric corresponding to equation y'" = | ^—r ■ 

• The tensor 

G = ir*G = ti.jni' + iy iA o l n A + p AB n A fi B , 

on V, when expressed by the invariant coframe (9 l ,Q A ) associated with 
the respective f.p. equivalence class, has the coefficients [lij, via, Pab; 
i,j = 1, ...,4; A, B = 1,2 constant and the same for all classes of the 
ODEs for which G is defined. 

To prove the theorem, it is enough to show the uniqueness of G in the simplest case 

of equation y'" = and to repeat the calculations from pp. [S]-[f)lof Section [3] 

* y 

for a generic equation. The following trivial proposition holds. 

Proposition 4.2. Let G be a bilinear symmetric form of signature (+ H 00) 

on V , such that for a vector field N 

(17) if G(N r ) = then L N G = 0. 

A distribution spanned by such vector fields N is integrable and defines a 4~d man- 
ifold M as a space of its integral leaves. There exists exactly one bilinear form G 
on A4 with the property n*G = G, where n : V — > M is the canonical projection 
assigning a point of M. to an integral leave of the distribution. 

Our aim now is to find all the metrics G of proposition 14 . 21 which . when expressed 
by the coframe 9 l ,Q A (or, equivalently, by t\Ta), have constant coefficients. Let 

, 112 

us consider the simplest case, corresponding to equation y — | ^jr, for which 
all the invariant functions appearing in (J7J and 123f) vanish. V is now the Lie 
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group SO(2,2), G is a form on Lie algebra so(2,2), the distribution spanned by 
the degenerate fields N is a 2-d subalgebra f) C so(2, 2). Finding G is now a purely 
algebraic problem. In our case the basis (t 1 ,Ta) satisfies 

dr 1 =T 1 AT 1 , dr 3 = -T 2 At 3 , 

(18) dr 2 = -T 1 AT 2 , dr 4 = T 2 Ar 4 , 

dr 1 =r 1 Ar 2 , dr 2 = r 4 AT 3 , 

which agrees with a decomposition so(2, 2) = so(l, 2) © so(l, 2). A group of trans- 
formations preserving equations (|18|l is 0(1,2) x 0(1,2), that is the intersection 
of the orthogonal group 0(2,4) preserving the Killing form k of so(2, 2) and the 
group GL(3) x GL{3) preserving the decomposition so(2, 2) = so(l,2) © so(l,2). 
Each coframe (t*, I~a), satisfying (|18|l is obtained by a linear transformation: 




A, Be 0(1,2). 



We use transformations 1)19(1 to obtain the most convenient form of the basis 
(Ni,N 2 ) of the subalgebra fj C so(2,2). We write down the metric G in the 
corresponding coframe (r 1 , r 2 , r 3 , r 4 , Ti, T 2 ) and impose conditions 1(17(1 . This con- 
ditions imply that the most general form of the metric is G — 2ut 1 t 2 + 2vt 3 t 4 , 
where u,v are two real parameters. In such case, [JVi, iV 2 ] = and k(Ni,N\) < 0, 
k(N2,N2) < 0. When written in terms of the coframe (t 1 ,Ta), G involves six 
real parameters u, v, fi, <j>, v, ip, however it appears, that only parameters u and v 
are essential; different choices of fi, tf> } define different degenerate distributions 
spanned by A^i,iV 2 and hence spaces M. are different, but metrics G on them are 
isometric. Thus we can choose G = 2ut 1 t 2 + 2vt 3 t 4 . Computing G for F = |^-, 
we have, in a suitable coordinate system [x, y, z, t), 

G = -v[t 2 + 2B(x, y)]dx 2 + 2vdtdx + u[2A(x, y) - z 2 ]dy 2 + 2udzdy. 

Parameters u, v can be also fixed, if we demand G to be Einstein with cosmological 
constant A = — 1. This is only possible if u = 1, v = 1. The the tensor field G 
defined in this way is unique and has the form 

G = 2t 1 t 2 + 2t 3 t 4 = 2n 2 {26 1 + 6> 4 ) + 26» 4 (26» 3 + ft 2 ). 

This formula is used in the generic case explaining our choice of the coframe JHJ 
and the metric @- This finishes the proof of theorem 14. II 



5. The Cartan connection and the distinguished class of ODEs 

Here we provide an alternative description of the f.p. equivalence class of third 
order ODEs corresponding to F = F(x, y,p, q) of (JTHJ. We consider a 4-dimensional 
manifold M. parametrized by (x, y, z, i). Then the geometry of a f.p. equivalence 
class of ODEs (|15|) is in one to one correspondence with the geometry of a class of 
coframes 



= dy 

= - [ C dx + (2A - z 2 ) dy + 2dz } 
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(20) 



1 

2 

= da; 



[-(t + 2B) dx - C dy + 2dt } 



on j\4 given modulo a special 50(2, 2) transformation 

(la 




(21) 



where 









(2a)- 








(2ap)- 




\ 





2apJ 



The Cartan equivalence method applied to the question if two coframes 1(20(1 
are transformable to each other via 1)21(1 gives the full system of invariants of this 
geometry. These invariants consist of (i) a fibration ir : V — > M. of Section 3, which 
now becomes a Cartan bundle TL — > V — > M with the 2-dimensional structure group 
Ji generated by /&*•, and (ii) of an so(2, 2)-valued Cartan connection uj described 
by the coframe (r 1 , r 2 , r 3 , r 4 , T\, T^) of on V. Explicitely, the connection uo is 
given by 

/-^(ri + r^ + r 4 ) 



CO 



V 





2 ' 

r 3 + 



i(r! + r 2 + r 4 ) 



ir 4 

2 ' 



-r 2 + t 3 - 
|(ri-r 2 
o 



ir 4 

2 ' 
-T 4 ) 



2 ' 
2 ' 



!(-ri 



To see that this is an so(2, 2) connection it is enough to note that giji 
with the matrix gij given by 



'9kji 



9ij 



1 






1 



Now, equations (|13|l are interpreted as the requirement that the curvature 

O = duj + oj A uj 



= 



of this connection uj has a very simple form 



n = 



( 



\\{k 



2e) 














i(-fc + n-2e) 





\ 



4' 





r 1 At 4 , 



/ 



where n, e and k are given by (|16|l . The connection a; and its curvature yields 
all the f.p. information of the equation corresponding to 1)15(1. In particular, all 
the equations with k = n = e = are f.p. equivalent, all having the vanishing 
curvature of their Cartan connection uj. 

It is interesting to search for a split signature 4-metric H for which the connection 
uj is the Levi-Civita connection. The general form of such metric is 

H = g ij T i T\ 

where (T , T 2 , T 3 , T 4 ) are four linearly independent 1-forms on V which staisfy 



(22) 



dT l 



- uj l j A T ] = 0. 
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Thus, for such H to exist, the 1-forms (T 1 ,T 2 ,T 3 ,T A ) must also satisfy the inte- 
grability conditions of l|22|l. 

A T J = 0, 

which arc just the Bianchi identities for uj to be the Levi-Civita connection of metric 
H . These identities provide severe algebraic constraints on the possible solutions 
(T l ). Using them, under the assumption that C(x,y) ^ in the considered region 
of V, we found all {T l )s satisfying Thus, with every triple C ^ 0,A,B 

corresponding to an ODE given by F of (|15|l . we were able to find a split signature 
metric H for which connection u is the Levi-Civita connection. Surprisingly, given 
A, B and C ^ the general solution for (T l ) involves four free real functions. Two 
of these functions depend on 6 variables and the other two depend on 2 variables. 
Thus, each f.p. equivalence class of ODEs representd by F of (fPo)) defines a large 
family of split signature metrics H for which ui is the Levi-Civita connection 1 . 
Writing down the explicit formulae for these metrics is easy, but we do not present 
them here, due to their ugliness and due to the fact that, regardless of the choice 
of the four free functions, they never satisfy the Einstein equations. The proof of 
this last fact is based on lengthy calculations using the explicit forms of the general 
solutions for (T 1 ). 

Appendix 

In this appendix we give the formulae for the differentials of the transformed 
Cartan invariant coframe (r 1 , r 2 , r 3 , r 4 , T%, L2) on V . These are: 

(23a) dr 1 =Y X A r 1 + \cY x At 4 - ±cL 2 A r 4 + \ fr 4 A r 1 - ±aT 4 A t 2 

+ iar 4 Ar 3 , 

(23b) dr 2 =|/ri At 1 ! {\r - l)T l At 2 - \rT 1 At 3 - (±Z + \s) T x A r 4 

- \lT 2 At 1 - \rT 2 A t 2 + \rT 2 A r 3 + {\l + |s) T 2 A r 4 
+ jrriT 2 At 1 - ImT 3 At 1 - ±nr 4 A t 1 + \aT 3 A t 2 

+ {\m - \f + 6)r 4 A r 2 + (\f - \m) r 4 A r 3 , 

(23c) dr 3 ={IT X A r 1 + (c + \r) T x A r 2 - (c + \r) T a A r 3 - (\l + |s) T x A t 4 
+ iZL 2 A t 1 - (c + ±r) r 2 A r 2 + (c + |r - l) L 2 A t 3 
+ + 3 s ) r 2 A r 4 + imr 2 At 1 - ±tot 3 A t 1 + (e - |n) t 4 A t 1 
+ iaT 3 A t 2 + (im - b - i/) t 4 A t 2 + (26 + i/ - im) t 4 A t 3 , 

(23d) dT 4 = + icTx A t 4 + (1 - ic) L 2 A t 4 + 1/t 4 At 1 - i aT 4 A t 2 
+ iaT 4 At 3 , 

(23e) dri =i ff r x At 1 ! (|/ - | 5 ) Ti A t 4 - I 5 r 2 At 1 ! (\g - |/) L 2 A t 4 
+ ( i/i + c - 1) t 2 A t 1 + -|/it 3 At 1 - ifcT 4 A t 1 
+ (^ + c) T 4 AT 2 -Ik 4 AT 3 , 

(23f) dr 2 =i 5 r x At 1 - iaTi At 2 ! A t 3 + (b + \f - |c/) T x A t 4 

- i ff L 2 At 1 ! iaL 2 At 2 - i a L 2 A t 3 + (\g - b - \f) T 2 A t 4 

1 The 4-manifold on which each of these metrics resides is the leaf space of the 2-dimensional 
intcgrable distribution on V which anihilates forms (T 1 ,T 2 ,T 3 ,T 4 ). 
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+ {\h + c)t 2 At 1 - \\it z At 1 - ifcr 4 At 1 ! (\h + c) r 4 A t 2 
+ (1-^)t 4 At 3 . 
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